K3 SURFACES WITH AN ORDER 60 AUTOMORPHISM 



JONGHAE KEUM 

Abstract. In characteristic p — or p > 5, we show that a K3 surface 
with an order 60 automorphism is unique up to isomorphism. As a 
consequence, the Fermat quartic surface in characteristic p — 11 mod 
12 is characterized by a cyclic symmetry of order 60. 



Let X be a K3 surface over an algebraically closed field k of characteristic 
p > 0. An automorphism g of X is called symplectic if it preserves a regular 
2-form ux, and called purely non- symplectic if no power of g is symplectic. 

Over k = C, based on Nikulin's work [S] Machida and Oguiso [8] proved 
that a positive integer N is the order of a purely non-symplectic automor- 
phism of a complex K3 surface if and only if </>(N) < 20 and N ^ 60, where 
(j) is the Euler function. On the other hand, there is a K3 surface with an 
automorphism of order 60 [7J : 

(0.1) X m : y 2 + x 3 + tot} 1 - ^1 = 0, 

(0.2) geo{t ,h,x,y) = (i Q , Cio*i, C30», C2oy) 

where £ a € fc is a primitive a-th root of unity. The K3 surface Xqq is defined 
over the integers and both the surface and the automorphism have a good 
reduction mod p unless p = 2, 3, 5. 

For an automorphism g of finite order of a K3 surface X, we write 

ord(g) = m.n 

if 5 is of order mn and the natural homomorphism (g) — > GL(H°(X,Q X )) 
has kernel of order m and image of order n. 
The main result of the paper is the following. 

Theorem 0.1. Let k be an algebraically closed field of characteristic p = 
or p > 5 . Let X be a K3 surface defined over k with an automorphism g of 
order 60. Then 

(1) ord( 5 ) = 5.12; 

(2) the pair (X,g) is isomorphic to the pair (Xqo^qq). 

In any given characteristic p > 0, the author [7] has shown that a positive 
integer N is the order of a tame automorphism of a K3 surface if and only if 
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0(AQ 5; 20, where <ft is the Euler function. Here an automorphism of finite 
order is called tame if the characteristic p = or if its order is prime to the 
characteristic p > 0. A natural question arises: 

Question: In any given characteristic p > 0, which pair (m, n) realizes 
as ord(g) = m.n for some tame automorphism g of a K3 surface? 

The answer is given in Section 3 [ibid] for many orders N. E.g., if N satisfies 
<t>(N) > 16 and N ^ 60, 40, then every tame automorphism g of order N 
of a K3 surface is purely non-symplectic, i.e., ord(g) = l.N. If N = 60, 
then Theorem 10.11 shows that the pair (m,n) = (5, 12) in any characteristic 
p 7^ 2,3,5. The proof of [8] for the nonexistence of a purely non-symplectic 
automorphism of order 60 of a complex K3 surface depends on the holo- 
morphic Lefschetz formula and the integral lattice theory, hence does not 
extend to the positive characteristic. 

It is well known that the Fermat quartic surface 

Xq ~\~ x | ~\~ X2 ~\~ x$ = 

is a supersingular K3 surface with Artin invariant 1, if the characteristic 
p = 3 mod 4. This can be seen by using the algorithm for determining the 
Artin invariant of a weighted Delsarte surface whose minimal resolution is a 
K3 surface ( [12] , [4j ) . Using the same algorithm we see that in characteristic 
p = 11 mod 12 the surface Xqq is a supersingular K3 surface with Artin 
invariant 1, hence is isomorphic to the Fermat quartic surface. 

Corollary 0.2. In characteristic p = 11 mod 12, the Fermat quartic surface 
is the only K3 surface with an order 60 automorphism. 

Over k = C, Oguiso [10] proved that the Fermat quartic surface is the only 
K3 surface with a faithful action of a nilpotent group of order 512 = 2 9 . Over 
k = C, the surface Xqq is not isomorphic to the Fermat quartic surface, as 
the former admits a purely non-symplectic automorphism of order 12, while 
the latter has Picard number 20 and transcendental rank 2, hence by Nikulin 
[9] does not admit a purely non-symplectic automorphism of order n with 
0(n) > 2. 

Remark 0.3. In characteristic p = 11 the surface Xqq or the Fermat quartic 
surface also admits a cyclic action of order 66 [7] and a symplectic action of 
the simple groups M22, M%\ and £2(11) [2], where M r is one of the Mathieu 
groups. 

Notation 

For an automorphism g of a K3 surface X, we use the following notation: 

• NS(JT) : the Neron-Severi group of X 

• X 9 = Fix(g) : the fixed locus of g 

• [g*] = [Ai, . . . , A 22 ] : the eigenvalues of g*\H^{X, Qj) 
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• Q a : a, primitive a-th root of unity in Qj 

• [£ a : </>(a)] C [<?*] : all primitive a-th roots of unity appear in [<?*] 
where (fi(a) indicates the number of them. 

• [A.r] C [g*] : A repeats r times in [g*]. 

• [(Ca : 0(«))- r ] C [g*] : the list Ca : <K«) repeats r times in [g*]. 

1. Preliminaries 

Let X be a K3 surface over an algebraically closed field k of positive 
characteristic p. We first recall the following basic result. 

Proposition 1.1. (3.7.3 [6\, cf. [7J) Let X be a projective variety over an 
algebraically closed field k of characteristic p > 0. Let g be an automorphism 
of X. Let I ^ p. Then the following hold true. 

(1) The characteristic polynomial of g*\H 3 ct (X, Qj) /ias integer coeffi- 
cients for each j. In particular, 

(a) the trace of g*\H^ t (X,Qi) is an integer; 

(b) if A zs an eigenvalue for g*\H 3 t (X,Qi), then the minimal poly- 
nomial of A over Z divides the characteristic polynomial. 

(2) If g is of finite order, then g has an invariant ample divisor, corre- 
sponding to a non-zero g* -invariant vector in H^ t (X,Qi). In partic- 
ular, 1 is an eigenvalue of g* \H^ t (X, Qi). 

(3) If g* acts trivially on H^ t (X,Qi), then it acts trivially on the space 
of regular 2-forms H° (X, VL 2 X ) . 

(4) If g is tame and the action of g* on H°(X,Q^) has Q n £ k as an 
eigenvalue, then the action of g* on H^ t (X,Qi) has G Qj as an 
eigenvalue. 

Recall that for a nonsingular projective variety Z in characteristic p > 0, 
there is an exact sequence of Q;-vector spaces 

(1.1) -> NS(Z) ® Qt^ Hl(Z, Qt) -> T 2 (Z) 

where Tf(Z) = TJ(Br(Z)) in the standard notation in the theory of etale 
cohomology. The Brauer group Br(Z) is known to be a birational invariant, 
and it is trivial when Z is a rational variety. In fact, one can show that 

NS(Z) ^Q; = Ker(tf 2 (Z,Q ; ) -> i^ 2 (A:(Z), Q { )); 

T 2 (Z) = Im(fZ*(Z,Q,) -> tf 2 (fc(Z),Q ; ))- 
Here H 2 (k(Z),Qi) = lim [/ff 2 (L r , Q;), where J7 runs through the set of open 
subsets of Z (see [111). It is known that the dimension of all Q;-spaces from 
above do not depend on I prime to the characteristic p. 

Proposition 1.2. [7\ In the situation as above, let g be an automorphism 
of Z of finite order. Assume I ^p. Then the following assertions are true. 

(1) Both traces of g* on NS(Z) and on T?(Z) are integers. 

(2) rank NS(Z)» = rank NS(Z/(g)). 



J. KEUM 



(3) dha.H^(Z,Qi)3 = rank NS(Z)3 + dim if (Z)». 



(4) If the minimal resolution Y of Z /(g) has T?(Y) = 0, then 
dim (Z,Q;) 9 = rank NS(Z) 9 . 

The condition of (4) is satisfied if Z/{g) is rational or is birational to an 
Enriques surface. 

The following is well known, see e.g., Theorem 3.2 pQ. 

Proposition 1.3. (Lefschetz fixed point formula) Let X be a smooth pro- 
jective variety over an algebraically closed field k of characteristic p > and 
let g be a tame automorphism of X. Then X 9 = Fix(#) is smooth and 



e(X9) = J2(-l) jr &(9*\Hi t (X,Q l )). 



A tame symplectic automorphism h of a K3 surface has finitely many 
fixed points, the number of fixed points f(h) depends only on the order of 
h and the list of possible pairs (ord(/i), f(h)) is the same as in the complex 
case (Theorem 3.3 and Proposition 4.1 [2]): 

(ord(/ l ),/(/ i )) = (2,8), (3,6), (4,4), (5,4), (6,2), (7,3), (8,2). 

Thus by Proposition 11.31 we obtain the following. 

Lemma 1.4. [7] Let h be a tame symplectic automorphism of a K3 surface 
X. Then h*\H^ t (X,Qi) has eigenvalues 
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where the first eigenvalue corresponds to an invariant ample divisor. 

Lemma 1.5. [7] Let X be a K3 surface in characteristic p ^ 2,3. Assume 
that h is an automorphism of order 2 with dmiH^ t (X, Qi) h = 2. Then h 
is non- symplectic and has a h-invariant elliptic fibration ip : X — > F 1 with 
12 cuspidal fibers, and X h consists of either a curve of genus 9 which is 
a A-section of ip passing through each cusp with multiplicity 3 or a section 
and a curve of genus 10 which is a 3-section passing through each cusp with 
multiplicity 3. In the second case, X/(h) is the rational ruled surface F4. 

We will use frequently the Weyl theorem of the following form. 

Lemma 1.6. [7] Let V be a finite dimensional vector space over a field of 
characteristic 0. Let g € GL(V) be a linear automorphism of finite order. 
Assume that the characteristic polynomial of g has integer coefficients. If 
for some positive integer m a primitive m-th root of unity appears with 
multiplicity r as an eigenvalue of g, then so does each of its conjugates. 
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The following easy lemma also will be used frequently. 

Lemma 1.7. [7j Let S be a set and Aut(S') be the group of bijections of S. 
For any g € Aut(5) and positive integers a and b, 

(1) Fhc(g) C Fix((f ); 

(2) Fix(g a ) n Fix(g b ) = Fix(g d ) where d = gcd(a, b); 

(3) Fix(g) = Fix(g a ) if ord(g) is finite and a is prime to it. 

2. Proof: the Tame Case 

Throughout this section, we assume that the characteristic p / 2, 3, 5 
and g is an automorphism of order 60 of a K3 surface. 

By [7] Lemma 3.4 and 3.6, g cannot be of order 2.30, 3.20, 4.15 or 6.10. 
We first exclude the possibility 1.60. 

Lemma 2.1. ord(g) ^ 1.60. 

Proof. Suppose that ord(g) = 1.60. Then 

[g*] = [1, Ceo : 16, r/i,..., 

where [771, ... , 775] is a combination of C12 : 4, C10 : 4, Cs : 4, C& ■ 2, C4 : 2, C3 : 2, 
±1, and the first eigenvalue corresponds to a ^-invariant ample divisor. 

Claim 1: [ m , . . . , 775] ^ [C10 : 4, ±1], [C 5 : 4, ±1]. 
Suppose that [7/1, ... ,7/5] = [C10 : 4, ±1] or [Cs : 4, ±1]. Then e(Fix( 5 30 )) = 
Y^(-l) j T?(g 30 *\H J ct (X,Qi)) = -8 and Fix(g 30 ) consists of d smooth rational 
curves and a curve Cd+5 of genus d+ 5. We have < d < 5, since each fixed 
curve gives an invariant vector in dim H 2 t (X , Qi) . Note that e(Fix(<? 2 )) = 
^(-iyTr( 5 2 *|H4(X,Q;)) = 1. Since Fix( 5 2 ) C Fix( 5 30 ), we infer that 
Fix(<? 2 ) consists of a point. Note that Cd+5 Fix(5 10 ), since e(Fix((7 10 )) = 
16 > e(Fix(<7 30 )). If d = 1,2 or 4, then g acts on the d smooth rational 
curves and g 2 preserves at least one of them, hence fixes at least 2 points. If 
d = 3, then g must rotate the 3 smooth rational curves and g 10 acts on the 
curve Cs with 16 fixed points, which is impossible. If d = 0, then g 10 gives 
an order 3 automorphism of the curve C5 with 16 fixed points, impossible. 
If d = 5, then g must rotate the 5 smooth rational curves and g 5 preserves 
each of them, hence e(Fix(# 5 )) > 10. But XX-l) j Tr( 5 5 * \H 3 et (X, Q,)) < 8, 
contradicting the Lefschetz fixed point formula. 

Claim 2: [771, . . . , 775] ^ [Ce : 2, ±1, ±1, ±1], [Cs : 2, ±1, ±1, ±1]. 
Suppose that [771, . . . ,775] = [Ce : 2, ±1, ±1, ±1] or [£ 3 : 2, ±1, ±1, ±1]. This 
case can be handled similarly. We see that e(Fix(g 30 )) = —8 and Fix(g 30 ) 
consists of d smooth rational curves and a curve Cd+5 of genus d+5, < d < 
5. We also see that e(Fix(<7 2 )) = 3 and Fix(<7 2 ) consists of either 3 points 
or a point and a P 1 . Note that C rf+5 £ Fix<y°), since e(Fix<y°)) = 13 > 
e(Fix<y )). If d = or 1, then g 10 gives an order 3 automorphism of the 
curve Cd+5 with at least 11 fixed points, which is impossible. If d = 2, then 
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g 2 preserves 2 smooth rational curves, hence fixes at least 4 points. If d = 3, 
then g must rotate the 3 smooth rational curves and g 10 acts on the curve 
Cq with 13 fixed points, impossible. If d = 4, then g 3 preserves each of them, 
hence e(Fix(<7 3 )) > 8 or e(Fix((/ 3 )) = 8 + e(Cg) = —8, which is possible only 
if [g*\ = [1, Ceo : 16, Cs : 2, 1, 1, 1]]. Then e(Fix( 5 )) = 5 > e(Fix(<? 2 )), but 
Fix(g) and Fix(g 2 ) consist of isolated points and some P^s. If d = 5, then 
g must rotate the 5 smooth rational curves and g 5 preserves each of them, 
hence e(Fix( 5 5 )) > 10. But ^(-l) j Tr( 5 5 *|i?4(^,Q«)) < 7, contradicting 
the Lefschetz fixed point formula. 

Claim 3: [ m , ...,%] + [(Ce : 2).2, ±1], [(Cs : 2).2, ±1], [Ce : 2, Cs : 2, ±1]. 
Suppose that [ m , . . . , %] = [(Ce : 2).2, ±1], [(Cs : 2).2, ±1] or [Ce : 2, Cs : 
2, ±1]. Note that e(Fix(<7 30 )) = —8 and Fix(g 30 ) consists of d smooth ra- 
tional curves and a curve C^+s of genus d + 5, < d < 5. We see that 
e(Fix( 5 2 )) = 0. Since Fix( 5 2 ) C Fix( 5 30 ), Fix( 5 2 ) = 0, thus Fix(g) = 
and [g*] = [1, Ceo : 16, (Cs : 2).2, -1]. Note that C d+5 £ Fix(g 10 ), since 
e(Fix(<7 10 )) = 10 > e(Fix((/ 30 )). If d = 0, then g 10 gives an order 3 automor- 
phism of the curve C5 with 10 fixed points, which is impossible. If d = 1, 2 
or 4, then g 2 preserves at least one smooth rational curve, hence fixes at 
least 2 points. If d = 3, then 5 must rotate the 3 smooth rational curves, 
hence g 15 acts freely on the curve Cs, since e(Fix((/ 15 )) = 6. But no genus 
8 curve admits a free involution. If d = 5, then 5 must rotate the 5 smooth 
rational curves and g 5 preserves each of them, hence e(Fix(g 5 )) > 10. But 

E(-i?W*|^ t (x,QO) = o. 

Claim 4: [ m , ...,%] + [C 4 : 2, Ce : 2, ±1], [Q : 2, Cs : 2, ±1]. 
Suppose that [r/i, . . . , r? 5 ] = ■ 2, Ce : 2, ±1] or [C 4 : 2, Cs : 2, ±1]. In this 
case, e(Fix(<7 30 )) = —12 and Fix(g 30 ) consists of d smooth rational curves 
and a curve Cd+7 of genus d + 7, < d < 3. We see that 

e(Fix( 5 2 )) = "£(-iyTr(g 2 *\Hi t (XM)) = "1 > e(Fix( 5 30 )), 
hence C d+7 Fix( 5 2 ) and e(Fm(g 2 )) > 0. 

Claim 5: [ m , ■ ■ • , %] + [(C4 : 2). 2, ±1]. 
Suppose that [771, ...,%] = [(C 4 : 2). 2, ±1]. In this case, e(Fix(5 30 )) = -16 
and Fix(<7 30 ) consists of d smooth rational curves and a curve Cd+g of genus 
d + 9, < d < 1. We see that e(Fix(# 2 )) = -2 > e(Fix( 5 30 )), hence 
C d+9 £ Fix( 5 2 ) and e(Fix(g 2 )) > 0. 

^ Claim 6: [ m , ■■.,%] + [U ■ 2, ±1, ±1, ±1]. 

Suppose that [771, . . . , 775] = [(4 : 2, ±1, ±1, ±1]. In this case, e(Fix(</ 30 )) = 
— 12 and Fix(# 30 ) consists of d smooth rational curves and a curve Cd+7 of 
genus d + 7, < d < 3. We see that 

e(Fix(<? 2 )) = ^(-l)^Tr( 5 2 *|^ t (X,Q0) = 2 > e(Fix( 5 30 )), 
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hence Fix(<7 2 ) consists of either 2 points or a P , since Fix(g 2 ) C Fix(g 30 ). 
Since Fix(g) C Fix(g 2 ), we infer that 

e(Fix(#)) = 2 or 0. 

By computing [g 15 *] and [<? 10 *], we see that 

e(Fix(g)) = e(Fix(c/ 15 )) and e(Fix( 5 10 )) = 12. 

If d = 0, then g 10 gives an order 3 automorphism of the curve C-j with 12 
fixed points, which is impossible. If d = 2, then g 2 preserves both smooth 
rational curves, hence e(Fix(g 2 )) > 4. If d = 3, then </ 2 cannot preserve 
each of the 3 smooth rational curves, hence g must rotate the 3 smooth 
rational curves, then g 15 preserves each of the 3 smooth rational curves, 
hence e(Fix(g 15 )) > 6. If d = 1, then g 15 acts freely on the curve C%. But 
no genus 8 curve admits a free involution. 

Claim 7: [ m , . . . , + [±1, ±1, ±1, ±1, ±1]. 
Suppose that [r/i, ...,775] = [±1, ±1, ±1, ±1, ±1]. In this case, e(Fix(<7 30 )) = 
—8 and Fix(g 30 ) consists of d smooth rational curves and a curve C^+s of 
genus d + 5, < d < 5. We also compute 

e(Fix( 5 2 )) = 6, e(Fix(<7 15 )) = e(Fix(g)), e(Fix( 5 10 )) = 16. 

Since e(Fix(g 2 )) > e(Fix(g 30 )), we see that C d+5 F\x(g 2 ) and 

e(Fix( 5 15 )) = e(Fix(<7)) < e(Fix( 5 2 )) = 6. 

If d = 0, 1, 2, then g 10 gives an order 3 automorphism of the curve Cd+5 with 
16 — 2d fixed points, which is impossible. If d = 4, 5, then either g 2 or g 15 
preserves each of the d smooth rational curves, hence e(Fix(# 2 )) > 2d > 8 
or e(Fix(g 15 )) > 2d > 8. Assume d = 3. If g rotates the 3 smooth rational 
curves or fixes each of them, then g 15 fixes each of them, hence acts freely on 
the curve a contradiction. If g fixes exactly one of the 3 smooth rational 
curves, then g 2 fixes each of them, hence acts freely on the curve Cg, then g 
acts freely on the curve C% and e(Fix(g)) = 2, then g 15 has e(Fix(g 15 )) = 2, 
hence acts freely on the curve 

Now by Claim 1-7, 

[g*] = [1, Ceo : 16, C12 : 4, ±1]. 

Thus, e(Fix(<7 30 )) = —16 and Fix(g 30 ) consists of d smooth rational curves 
and a curve C d+9 of genus d + 9, < d < 1. Note that e(Fix(g 10 )) = 14. If 
d = 0, then g 10 acts on the curve Cg with 14 fixed points, too many for an 
order 3 automorphism. Thus d = 1. Let 

h := g™. 

By Lemma 11.51 h is non-symplectic and has a /i-invariant elliptic fibration 
ip : X — >• P 1 with 12 cuspidal fibers, and X h consists of a section R of 
tjj and a curve C10 of genus 10 which is a 3-section passing through each 
cusp with multiplicity 3. Furthermore, we know that Xj (h) = F4 a rational 
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ruled surface (see the proof of Lemma ll.5p . Since the automorphism of 
Xj (h) induced by g preserves the unique ruling, we see that g preserves the 
fibration ip : X — > P . Since e(Fix(g 10 )) = 14 and Fix(g 10 ) is contained in 
-RUCio, we infer that g 10 acts trivially on the base of ifi and Fix(g 10 ) consists 
of R and the 12 cusps of the cuspidal fibres. Note that e(Fix(<? 2 )) = 4. Thus 
g preserves 2 cuspidal fibres and makes the remaining 10 cuspidal fibres 
form a single orbit. It follows that Fix(g) consists of 4 points and the last 
eigenvalue in [g*] must be 1. Consider the action of g 20 . Since g 10 acts 
trivially on the base of tp, so does g 20 . Note that Fix(<? 10 ) C Fix(g 20 ) and 
e(Fix(g 20 )) = —6. Thus we infer that Fix(g 20 ) contains no isolated points 
and consists of R and a curve C5 of genus 5. Note that C5 is a 2-section of 
i/j and intersects transversally C\q at the 10 cusps. The quotient 

X' := X/(g 12 ) 

is a singular surface with Kx 1 numerically trivial. 

Claim 8: X' = X/(g 12 ) has four singular points, one of type 3(3,3) and 
three of type |(2,4). 

First note that e(Fix(g 12 )) = 4 and Fix(g 12 ) = Fix(g) consists of 2 points 
of R and 2 points of C10 D C5. Since g 12 *uix = Cs^x, Cs € k, there are two 
types of local action, g(3,3) and g(2,4), for the order 5 automorphism g 12 . 
Let a and b be the number of points respectively of the two types. Then 
a + b = 4. Let e : Y — > X' be a minimal resolution. Then 

where D p is an effective Q-divisor supported on the exceptional set of the 
singular point p € X'. Thus 

K Y = J2 D P = -J2 K y D p- 

See, e.g., Lemma 3.6 [5] for the formulas of D p and KyD p , which are valid 
for tame quotient singular points in positive characteristic. We compute 

K Y = 10- p{Y) = 10 - {p(X') + a + 26} = 4 - a - 2b. 

Note that KyD v = | if p is of type |(3, 3), and KyD v = | if p is of type 
4(2,4). Thus a = 1 and 6 = 3. This proves the claim. 

Now by Claim 8, we compute that 

^ = 3A A A H + 2A M 
y 5^5 

8=1 

where A and Ajj are exceptional curves with A 2 = —5, A\ = —2, A 2 ^ = —3, 
A\i.A2i = 1. If the 2 points of -R are of type ^(2,4), then the proper 
transform R' of the image of R in X' has intersection number with Ky, 

1112 2 2 

Ky.R' = , or , 

5 5 5 5 5 5 
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none is an integer. If the 2 points of Cio fl C5 are of type ^(2,4), then the 
proper transform C' 5 of the image of C5 in X' has intersection number with 
Ky which cannot be an integer, a contradiction. □ 

Remark 2.2. Machida and Oguiso [8] proved Lemma 12.11 in the complex 
case. Their proof depends on the holomorphic Lefschetz formula and the 
integral lattice theory, hence does not extend to the positive characteristic. 

Lemma 2.3. If ord(g) = 5.12, then 

[g*\ = [1, C12 : 4, 1, Ceo : 16] 

where the first eigenvalue corresponds to a g-invariant ample divisor. 

Proof. Suppose that ord(g) = 5.12. Since g 12 is symplectic of order 5, 

[g 12 *] = [1, 1.5, (0s).4] 

where the first eigenvalue corresponds to an invariant ample divisor. By 
Proposition II. 1( £l2 £ [g*]. Thus we infer that 

[g*] = [1, Cia : 4, ±1, m, ■ ■ ■ , Vw] 

where [r/i,... ,r/ 16 ] is a combination of Cs : 4, Cio : 4, Ci5 : 8, C20 : 8, C30 : 8, 
^60 : 16 and the first eigenvalue corresponds to a g-invariant ample divisor. 

Assume that [771 , . . . ,r}i§\ contains [C15 : 8] or [("30 : 8]. Then 
[g 2 *] = [l, (Ce:2).2, 1, C15 : 8, n, . . . , r 8 ] 

where [t±, . . . , r§] is a combination of Cs : 4, (iq : 4, C15 : 8, hence ^ t 3 - > —2 
and 

Tr( 3 2 *|// e 2 t (X, Q,)) = 1 + 2 + 1 + 1 + Tj > 5 - 2 = 3. 

On the other hand, we know that for any positive integer a dividing 12, 
Fix(g a ) C Fix(y 2 ) and 

-2 < Tr( 5 a *|F c 2 t (X,Q z )) < Tr( 5 12 *|tf 2 (X,Q,)) = 2. 
Assume that [771 , . . . , 771©] contains [C20 : 8]. In this case, 
[ 5 2 *] = [1, (Ce:2).2, 1, (Cio : 4).2, n, . . . , r 8 ]. 
Since ^ Tj > —2, 

TrG7 2 *|tf 2 (X, Q,)) = 1 + 2 + 1 + 2 + £ 73 > 6 - 2 = 4, 

contradicting the inequality Tr(# 2 * \H 2 t (X, Q,)) < Tr( 5 12 * |F 2 t (X, Q,)). 
Assume that [771, ... , 7715] is a combination of C5 : 4, Cio : 4. Then 

b 6 *] = [1, -1.4, 1, (C 5 :4).4]. 

Thus 

Tr(g 6 *\H 2 t (X, Q,)) = 1 - 4 + 1 - 4 < -2, 
contradicting Tr(g 2 *\H 2 t (X, Qj)) > -2. We have shown that 

= [1, C12 : 4, ±1, Ceo : 16]. 
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Now as in the proof of Lemma 12.11 we see that 

h := g m 

is non-symplectic and has a /i-invariant elliptic fibration ip : X — > P 1 with 
12 cuspidal fibers, and X h consists of a section R of tp and a curve C\q of 
genus 10 which is a 3-section passing through each cusp with multiplicity 3, 
and g preserves the fibration ip : X — > P . Moreover, g 10 acts trivially on 
the base of ip and 

Fix( 5 10 ) = RU {the cusps of the 1 2 cuspidal fibres} , 

g preserves 2 cuspidal fibres and makes the remaining 10 cuspidal fibres 
to form a single orbit. In particular, Fix(g) consists of 4 points, hence by 
Lefschetz the 6-th eigenvalue in [g*] must be 1. □ 

Proof of Theorem \0.1\ Let 

y 2 + x 3 + A(t , h)x + B(t , h) = 

be the Weierstrass equation of the (^-invariant elliptic pencil, where A (resp. 
B) is a binary form of degree 8 (resp. 12). By the previous result, g leaves 
invariant the section R and the action of g on the base of the fibration 
ip : X — > P 1 is of order 10. After a linear change of the coordinates (io>*i) 
we may assume that g acts on the base by 

g : (t ,ti) ^ (io,Clo*l). 

We know that g preserves two cuspidal fibres Fq , and makes the remain- 
ing 10 cuspidal fibres to form one orbit. Thus the discriminant polynomial 

A = _ 4j4 3 _ 2W 2 = ^2 t 2 (t 10 _ t l 0) 2 

for some constant c G k, as it must have two double roots (corresponding to 
the fibres Fq, Fqo) and one orbit of double roots. We know that the zeros of 
A correspond to either cuspidal fibres or nonsingular fibres with "complex 
multiplication" automorphism of order 6. Since this set is invariant with 
respect to the order 10 action of g on the base, we see that the only possibility 
is A = 0. Then we obtain 

B = atoh(t\°-tl ) 

for some constant a, and write the above Weierstrass equation in the form 

y 2 + x 3 + atohitl - tl°) = 0. 

A suitable linear change of variables makes a = 1 without changing the 
action of g on the base. Thus X = Xqq as an elliptic surface. We may 
assume that 

* / dx A dt\ dx f\dt 

9 ( =Ci2- 



y > y 

Since g 10 is of order 6 and acts trivially on the base, 
g w (x,y,t ,ti) = (( 3 x,( 2 y,to,t l ) 
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Note that 

Fix(g) = {the two cusps of F and F^} U (R n F ) U (R n F^). 

Analyzing the local action of g at the fixed point (x,y, to,t%) = (0,0, 1,0), 
we infer that 

g(x,y,t ,ti) = ((30x,(2oy,to,(ioti). 

Here we first determine the linear terms, then see that the higher degree 
terms must vanish. We have proved Theorem 10.11 in the positive character- 
istic case. 

3. Proof: the Complex Case 

Throughout this section, X is a complex K3 surface. 

A non-projective K3 surface cannot admit a non-symplectic automor- 
phism of finite order (see [13] , [9] ) , and its automorphisms of finite order are 
symplectic, hence of order < 8. Thus, X is projective. 

The proofs of Lemma 12.11 and 12.31 go word for word, once we replace 
H^ t (X,Qi) by H 2 (X,Z), and Proposition 11.31 by the usual topological Lef- 
schetz fixed point formula. The part "Proof of Theorem 10. 11 ' also goes word 
for word. 

References 

[1] P. Deligne, G. Lusztig, Representations of reductive groups over finite fields, Ann. of 

Math. (2) 103 (1976), no. 1, 103-161. 
[2] I. Dolgachev, J. Keum, Finite groups of symplectic automorphisms of K3 surfaces in 

positive characteristic, Ann. of Math. 169 (2009), 269-313 
[3] I. Dolgachev, J. Keum, K3 surfaces with a symplectic automorphism of order 11, J. 

Eur. Math. Soc. 11 (2009), 799-818 
[4] Y. Goto, The Artin invariant of supersmgular weighted Delsarte surfaces, J. Math. 

Kyoto Univ., 36 (1996), 359-363. 
[5] D. Hwang and J. Keum, The maximum number of singular points on rational homol- 
ogy projective planes, J. Algebraic Geom. 20 (2011), 495-523. 
[6] L. Illusie, Report on crystalline cohomology, in "Algebraic Geometry, Areata 1974", 

Proc. Symp. Pure math. vol. 29 , AMS, pp. 459-478 
[7] J. Keum, Orders of automorphisms of K3 surfaces, arXiv:1203.5616 [math. AG] 
[8] N. Machida, K. Oguiso, On K3 surfaces admitting finite non-symplectic group actions, 

J. Math. Sci. Univ. Tokyo 5 (1998), 273-297 
[9] V. V. Nikulin, Finite groups of automorphisms of Kahlerian surfaces of type K3, 

Uspehi Mat. Nauk 31 (1976), no. 2; Trans. Moscow Math. Soc, 38 (1980), 71-135 
[10] K. Oguiso, A characterization of the Fermat quartic K3 surface by means of finite 

symmetries, Compositio Math. 141 (2005), 404-424 
[11] T. Shioda, An explicit algorithm for computing the Picard number of certain algebraic 

surfaces, Amer. J. Math. 108 (1986), 415-432 
[12] T. Shioda, Supersmgular K3 surfaces with big Artin invariant, J. Reine Angew. Math. 

381 (1987), 205-210 

[13] K. Ueno, Classification theory of algebraic varieties and compact complex spaces, 
Springer Lect. Notes in Math. 439 (1975) 



12 



J. KEUM 



School of Mathematics, Korea Institute for Advanced Study, Seoul 130- 
722, Korea 

E-mail address: jhkeumOkias .re .kr 



